Abstract. The twistor space Z of an oriented Riemannian 4-manifold M admits a natural 1-parameter family of Riemannian metrics h t compatible with the almost complex structures J 1 and J 2 introduced, respectively, by Atiyah, Hitchin and Singer, and Eells and Salamon. In this paper we compute the first Chern form of the almost Hermitian manifold (Z, h t , J n ), n = 1, 2 and find the geometric conditions on M under which the curvature of its Chern connection D n is of type (1, 1). We also describe the twistor spaces of constant holomorphic sectional curvature with respect to D n and show that the Nijenhuis tensor of J 2 is D 2 -parallel provided the base manifold M is Einstein and self-dual.
Introduction
It is well-known [17, 14] that every almost Hermitian manifold admits a unique connection for which the almost complex structure and the metric are parallel and the (1, 1)-part of the torsion vanishes. It is usually called the Chern connection because, in the integrable case, it coincides with the Chern connection [7] of the tangent bundle considered as a Hermitian holomorphic bundle. This connection plays an important role in (almost) complex geometry since, by the Chern-Weil theory, the Chern classes of the manifold are directly related to its curvature.
Motivated by the recent works of S.Donaldson [11] and C.LeBrun [16] , V.Apostolov and T.Dragichi [2] proposed to study the problem of existence of almost-Kähler structures of constant Hermitian scalar curvature and/or type (1, 1) Ricci form of its Chern connection (from now on we refer to it as the first Chern form). Our main purpose here is to show that the twistor spaces of self-dual Einstein 4-manifolds of negative scalar curvature admit such almost-Kähler structures.
Recall that the twistor space of an oriented Riemannian 4-manifold M is the 2-sphere bundle Z on M consisting of the unit (−1)-eigenvectors of the Hodge star operator acting on Λ 2 T M. The 6-manifold Z admits a natural 1-parameter family of Riemannian metrics h t such that the natural projection π : Z → M is a Riemannian submersion with totally geodesic fibres. These metrics are compatible with the almost-complex structures J 1 and J 2 on Z introduced, respectively, by Atiyah, Hitchin & Singer [3] and Eells & Salamon [12] .
In Section 3 we show that the first Chern form of the almost Hermitian manifold (Z, h t , J 2 ) always vanishes which generalizes a result of Eells & Salamon [12] stating that the almost-complex structure J 2 has vanishing first Chern class. We obtain also an explicit formula for the first Chern form of (Z, h t , J 1 ) in terms of the curvature of the base manifold M. In the case when M is self-dual the latter formula has been actually given by P.Gauduchon [13] .
In Section 4 we obtain the precise geometric conditions on M ensuring that the curvature of the Chern connection D n of (Z, h t , J n ), n = 1, 2 is of type (1, 1) . Note that, in many cases, this property of the curvature simplifies the computation of the Chern numbers (cf. e.g. [15] ). We also study the problem when the connection D n n = 1, 2, has a constant holomorphic sectional curvature. The motivation behind is the open question whether there are examples of non-Kähler Hermitian manifolds whose Chern connection is of non-zero constant holomorphic sectional curvature (cf. [4, 5] ). Proposition 3 shows that there are no twistorial examples of such manifolds.
In the last section we prove that the Nijenhuis tensor of the almost-complex structure J 2 is D 2 -parallel provided that the base manifold M is Einstein and selfdual. Since in (real) dimension six, the Nijenhuis tensor can be identified via the metric with a section of the canonical bundle, the result strengthens the fact that c 1 (Z, J 2 ) = 0. If, in addition, M is of negative scalar curvature s, then the twistor space (Z, h t , J 2 ), t = − 12 s is an almost-Kähler manifold with vanishing first Chern form, the curvature of its Chern connection is of type (1, 1) and the Nijenhuis tensor of J 2 is parallel with respect to it. Finally we note that the analogous statements for the twistor spaces of quaternionic-Kähler manifolds are also valid .
Preliminaries
Let M be a (connected) oriented Riemannian 4-manifold with metric g. Then g induces a metric on the bundle Λ 2 T M of 2-vectors by the formula
The Riemannian connection of M determines a connection on the vector bundle Λ 2 T M (both denoted by ∇) and the respective curvatures are related by
for X, Y, Z, T ∈ χ(M); χ(M) stands for the Lie algebra of smooth vector fields on M. (For the curvature tensor R we adopt the following definition
for all X, Y, Z, T ∈ χ(M). The Hodge star operator defines an endomorphism * of Λ 2 T M with * 2 = Id. Hence
± T M are the subbundles of Λ 2 T M corresponding to the (±1)-eigenvectors of * . Let (E 1 , E 2 , E 3 , E 4 ) be a local oriented orthonormal frame of T M. Set 
where s is the scalar curvature and I is the unit 3 × 3-matrix. Then
is the irreducible decomposition of R under the action of SO (4) found by Singer & Thorpe [20] . Note that B and W = W + + W − represent the traceless Ricci tensor and the Weyl conformal tensor, respectively. The manifold M is called self-dual 
Let σ ∈ Z and π(σ) = p. Using (2) and the standard identification
for all X, Y ∈ χ(U).
Each point σ ∈ Z defines a complex structure
Note that K σ is compatible with the metric g and the opposite orientation of M at p. The 2-vector 2σ is dual to the fundamental 2-form of K σ . Denote by × the usual vector product in the oriented 3-dimensional vector
It is also easy to check that for any σ, τ ∈ Z with π(σ) = π(τ ) we have
Following [3] and [12] define two almost-complex structures J 1 and J 2 on Z by
It is well-known [3] that J 1 is integrable (i.e. comes from a complex structure) if and only if M is self-dual. Unlike J 1 , the almost-complex structure J 2 is never integrable [12] .
Let h t be the Riemannian metric on Z given by
where t > 0, g is the metric of M and g v is the restriction of the metric of
) is a Riemannian submersion with totally geodesic fibres and the almost-complex structures J 1 and J 2 are compatible with the metrics h t . Denote by D(= D t ) the Levi-Civita connection of (Z, h t ). Let σ be a point of Z, X, Y vector fields on M near the point π(σ) and A a vertical vector field near σ. It is not hard to see (cf. e.g. [8] ) that
3. The first Chern forms of twistor spaces
Given an almost-Hermitian manifold (N, g, J), denote by ∇ the Levi-Civita connection of g. Then the Chern connection∇ of (N, g, J) is defined by (cf. e.g. [15, Th.6 .1]):
It is one of the distinguished 1-parameter family of Hermitian connections defined by P.Gauduchon [14] :
The Chern connection corresponds to u = 1. Let Ω(X, Y ) = g(JX, Y ) be the Kähler form of (N, g, J) and δΩ the codifferential of Ω with respect to ∇. Denote by ϕ and ψ the 2-forms on N defined by
where ρ * is the * -Ricci tensor of (N, g, J). Recall that ρ * is given by
where R is the curvature tensor of ∇. The formula in the next Lemma appears in [14] without proof, so for sake of completeness we provide its proof here. 
Proof. Denote by∇ the connection on N defined bŷ
Note that∇g = 0 and∇J = 0. Let S be the (1,2)-tensor field on N defined by
Then∇ u X Y =∇ X Y + uS(X, Y ). Bellow we consider only the case u = 1 since the general case follows immediately from it. It is easy to check that S has the following properties:
g((∇ Y S)(JX, JX), X) = 0.
A straightforward computation shows that the curvature tensors R,R andR of ∇, ∇ and∇ are related by
whereT is the torsion of∇. Now fix a point p ∈ N and choose an orthonormal frame E 1 , . . . , E n , JE 1 , . . . , JE n near p such that∇E i | p = 0, i = 1, . . . , n. Then, using (15) , (16) and (20) , one gets:
Formula (19) together with the first Bianchi identity gives:
Moreover, by (14) , one has:
and the lemma follows from the above identities. Now let M be an oriented Riemannian 4-manifold with twistor space Z. Let D(= D t ) be the Levi-Civita connection of (Z, h t ). Denote by D n (= D n t ) the Chern connection of the almost-Hermitian manifold (Z, h t , J n ), n = 1, 2 and by γ t,n its first Chern form. In the case when the base manifold M is self-dual an explicit formula for the first Chern form of D 1 has been given by P.Gauduchon [13] . Here we compute the first Chern forms γ t,n , n = 1, 2, of the twistor space of an arbitrary oriented 4-manifold M. To do this we shall use the following formulas for the covariant derivative of the almost-complex structure J n with respect to the LeviCivita connection D ( [18] ):
where K σ is the complex structure on T p M defined via (4) . Moreover,
F, G are horizontal vectors or at least two of them are vertical vectors.
We shall also need the following formula for the * -Ricci tensor ρ * t,n of (Z, h t , J n ) [10] :
Now we are ready to prove the following Proposition 1. The first Chern form γ t,n of the twistor space (Z, h t , J n ), n = 1, 2, is given by
where E, F ∈ T σ Z and X = π * E, Y = π * F , A = VE, B = VF .
Proof. Denote by ϕ t,n and ψ t,n the 2-forms on Z defined by (12) and (13), respectively. Let Ω t,n be the Kähler form of (Z, h t , J n ), n = 1, 2. By Lemma 1, we have 8πγ t,n = −ϕ t,n − 4ψ t,n + 2dδΩ t,n . Let U be an h t -unit vertical vector at σ. Then, using Lemma 2, (5) and (6), one gets:
Since ψ t,n (E, F ) = c * t,n (E, J n F ), it follows from Lemma 3 that
It is easy to check by means of Lemma 2 and the identity (5) that the 1-form ω = −1/tδΩ t,n is given by ω(E) = g(VE, R(σ)σ) for E ∈ T σ Z. Next we shall compute the differential of the form ω. Since σ → R(σ)σ is a vertical vector field on Z, one has by (3):
Now let s be a local section of Z such that s(p) = σ and ∇s | p = 0. If B is a vertical vector field on Z and X is a vector field on M, it follows easily from (2) that
, R(σ)σ) and, using (5), one gets:
Finally, we will show that
for any vertical vectors A and B at σ.
∂ ∂y 3 and (U, J 1 U) is a local frame of the vertical bundle V near the point σ such that [U, J 1 U] σ = 0. It is enough to check (24) for A = U σ and B = J 1 U σ . Using (5), one gets:
Now the proposition follows from (21) -(24).
Curvature properties of the Chern connection of twistor spaces
In this section we consider the problem when the curvature tensor R t,n of the Chern connection D n of (Z, h t , J n ), n = 1, 2, is of type (1, 1), i.e. R t,n (J n E, J n F )G = R t,n (E, F )G for all E, F, G ∈ T Z. We also study the problem when this connection has a constant holomorphic sectional curvature.
Proposition 2.
( 
for all σ ∈ Z and X, Y ∈ T p M, p = π(σ). Since the 2-vectors of the form X ∧ Y − K σ X ∧ K σ Y span the vertical space at σ, it is easy to see that the latter identity implies the self-duality of M. Conversely, if M is self-dual, the almost-complex structure J 1 is integrable [3] and, as it is well-known (cf. e.g. [15, Lemma 2.1]), the curvature of the Chern connection D 1 is of type (1, 1). (ii) Given a point σ ∈ Z and X, Y ∈ T p M, p = π(σ), denote by A(X, Y ) and B(X, Y ) the vertical vectors at σ defined by
where K σ is the complex structure on T p M corresponding to σ via (4). Using Lemma 2, formulas (5), (6), (8) and the identity σ × (
Now one obtains easily that
Theses formulas together with the first Bianchi identity give:
A similar computation gives
for any h t -unit vertical vector V at σ. Now assume that R t,2 is of type (1, 1) with respect to J 2 . Then it follows from (25) and (26) that
which implies, as we have seen in the proof of (i), that M is self-dual. Hence, by (i), R t,1 is of type (1,1) with respect to J 1 and the identity (25) becomes
Conversely, let M be Einstein and self-dual. Then the almost-Hermitian manifold (Z, h t , J 2 ) is quasi-Kähler [18] . On the other hand, according to [9, Theorem, (i) ], its Riemannian curvature tensor satisfies the identity R(E, F, G, H) = R(JE, JF, JG, JH). Now it follows from [15, Th.6.2(ii) ] that the curvature tensor R t,2 of the Chern connection D 2 is of type (1, 1). Next, we study the problem when the Chern connections D 1 and D 2 of a twistor space have constant holomorphic sectional curvatures. The holomorphic sectional curvature of the Chern connection D 2 of (Z, h t , J 2 ) is never constant.
Proof. Let us note that if (N, g, J) is an almost-Hermitian manifold, then the holomorphic sectional curvatures H andH of the Levi-Civita connection ∇ and the Chern connection∇ are related bỹ
This easily follows from (14) -19). Denote byH t,n the holomorphic sectional curvature of the Chern connection D n of (Z, h t , J n ), n = 1, 2. Then using the explicit formula for the sectional curvature of (Z, h t ) given in [8, Proposition 3.5] , formula (27) and Lemma 2, we obtain:
where K σ is the complex structure on T p M, p = π(σ), defined by (4). Assume thatH t,n ≡ κ. Then, for every σ ∈ Z and X ∈ T p M, p = π(σ), X = 1, one has:
Let s 1 , s 2 , s 3 be local sections of Z defined by (1) and let
Denote by K i the complex structure on T p M determined by s i (p) and set
Varying (λ 1 , λ 2 , λ 3 ) over the unit sphere S 2 , one gets from (28)that
a ki a kj + ta ii (a ij + a ji ) = 0 for 1 ≤ i = j ≤ 3. These identities imply a ii = a jj and a ij = −a ji for i = j, i.e.
Now varying X over the unit sphere of T p M gives:
Hence M is Einstein and self-dual. Since X ∧K σ X ∈ R.σ⊕Λ 2 + T p M for any X ∈ T p M, it follows that R(X ∧ K σ X)σ = 0 and (28) shows that M is of constant sectional curvature equal to κ. In this case one obtains easily from [8, Proposition 3.5], Lemma 1 and Lemma 2 that the holomorphic sectional curvatureH t,n of D n is given byH
where X = π * E, A = VE and E 2 ht = X 2 + t A 2 = 1. Hence, for n = 1, the identityH t,n ≡ κ is equivalent to t = 1/κ, while for n = 2 it is impossible. Thus the proposition is proved.
Remark.
Similar arguments show that the Levi-Civita connection of the almost-Hermitian manifold (Z, h t , J n ) has a constant holomorphic sectional curvature κ only in the case when n = 1, M is of constant sectional curvature κ and t = 1/κ( [8] ).
Examples of twistor spaces with parallel Nijenhuis tensor
It is well-known ( [18] ) that the twistor space (Z, h t , J 2 ) of an Einstein, selfdual manifold M is a quasi-Kähler manifold satisfying the second Gray curvature condition. If s > 0 and t = 6 s , resp. s < 0 and t = − 12 s (s is the scalar curvature of M), then (Z, h t , J 2 ) is nearly Kähler, resp. almost Kähler and, by results of [6] and [19] , the Nijenhuis tensor of J 2 is parallel with respect to the Chern connection. In fact, this is true for any and s and any t. Proof. Denote by N the Nijenhuis tensor of the almost-complex structure J 2 . Let σ be a point of Z , X, Y, Z vector fields on M near the point p = π(σ), and A, B vertical vector fields near σ The identity
and Lemma 2 imply the following formulas:
It follows that
Using (30), (29) and (7) we easily obtain
It follows that (D Remark. Identity (30) shows that the Chern connection D 2 actually does not depend on t when the base manifold is Einstein and self-dual. Then Proposition 4 for s = 0 follows also from the results in [6] and [19] mentioned in the beginning of this section. Propositions 1 and 4 can be extended to the twistor spaces of quaternionic-Kähler manifolds by means of the formulas in [1] .
